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ARTICLE INFO ABSTRACT

Keywords: This paper deals with the mechanical behavior of soft living tissues under load-unload and relaxation cyclic
Soft tissue strains. It proposes a thermodynamic model formulated within the Generalized Standard Materials framework
Finite strain that incorporates both Mullins’ effect and viscoelasticity, integrating the history dependent behavior of the

Visco-hyperelasticity material under finite strain. A key innovation lies in the use of a common softening function to modulate

Mullins effe-ct_ . both the hyperelastic and viscous components, capturing history-dependent behavior more accurately. Viscous

Incompressibility . . . . . o . . .
parameters are adjusted based on the loading history via the maximum strain invariant. Numerical imple-
mentation is validated against uniaxial tensile tests on porcine perineal tissues and a global Sobol sensitivity
analysis confirms that elastic, viscous, and Mullins-related parameters are identifiable from different phases of
the loading protocol. This model provides a unified, thermodynamical consistent tool for simulating soft tissue

mechanics.

1. Introduction unloading (ideal Mullins effect), and those where reloading shows a
distinct response. The first class is simpler and more widely used, but
The Mullins effect is a well-established phenomenon observed in often fails to capture experimental data, especially in cyclic loading
filled elastomers and soft living tissues, characterized by stress soft- scenarios. More flexible models, such as those using damage-dependent
ening upon cyclic loading and unloading. This phenomenon has been variables or two-phase material models, provide better fits but present

widely studied in the context of elastomers such as rubber-like ma-
terials (Mullins and Tobin, 1965; Mullins, 1969; Diani et al., 2009)
and more recently, in collagenous tissues (Pena et al., 2011; Holzapfel
and Ogden, 2020; Orttn-Terrazas et al., 2019; Rickaby and Scott,
2014; Wenguang, 2016). The Mullins effect is often attributed to ir-
reversible microstructural changes such as the breakage of molecular
bonds or the interaction between filler particles and polymer chains

their own theoretical and experimental challenges. In addition to these
challenges, the viscoelasticity of soft materials adds further complexity
to the modeling process. Elastomers and biological tissues are known
for exhibiting both hyperelastic and viscous behaviors that are coupled
with the rate of loading (strain rate) and the applied stress. This strain-
rate dependence introduces additional complexities, especially in the

or even sliding and friction between polymer chains (Diani et al., case of large deformations. Several models have been developed to
2009; Cantournet et al., 2009). However, despite decades of research, capture the complex mechanical response of soft tissues under large
the precise mechanisms involved remain controversial, with several deformations. Classical viscoelastic models often rely on linear formu-
competing theories regarding its origin. These uncertainties complicate lations or small-strain assumptions, limiting their applicability in finite
the development of accurate models, particularly for materials that deformation regimes. More advanced approaches, such as the fully
undergo large deformations, where the microstructural rearrangements nonlinear viscoelastic formulation of Simo (1987), introduce internal
play a significant role. To account for the Mullins softening effect, Simo variables governed by time-dependent evolution laws and enabling the
(1987) proposed a model that modifies the classic elastic strain en- simulation of true stress relaxation.

ergy by introducing a damage parameter, which evolves based on
the deformation history of the material. Over the last few decades,
several models have been developed with different softening models,
even when the stress-strain response during reloading is the same
as during unloading. Indeed, there are two main classes of models:
those where the response of the material to reloading is identical to

In parallel, pseudo-elastic models have gained attention for their
ability to capture strain-rate effects by allowing the parameters of hy-
perelastic potentials to vary with the applied strain rate (Anssari-Benam
and Saccomandi, 2024). In such models, viscous effects are captured
implicitly without introducing internal variables. These formulations
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provide efficient tools to describe monotonic and certain cyclic be-
haviors, especially under varying loading rates. More recently, some
works have proposed unified pseudo-elastic formulations that capture
both continuous softening during loading and discontinuous softening
during unloading, without the need for explicit damage variables or
history functions (Anssari-Benam and Hossain, 2023), Anssari-Benam
and Hossain (2024), Anssari-Benam (2023). These approaches rely
on hyperelastic models with rate-sensitive parameters that implicitly
incorporate the effects of strain history and rate, offering a compact
yet effective description of softening behaviors in elastomeric and
biological materials under cyclic loading.

In contrast, the present study proposes a visco-hyperelastic model
which explicitly separates elastic and viscous contributions: the elastic
response is described both by a strain energy function and by the elastic
elements within de viscoelastic branches, while the viscous behavior
is described through internal variables evolving with time, enabling
the simulation of stress relaxation. In addition, a history-dependent
function acting on the elastic potential accounts for Mullins-type stress
softening. This structure allows the model to capture the coupled effects
of stress softening, and dissipation within a thermodynamically con-
sistent framework. The formulation follows the Generalized Standard
Materials (GSM) approach (Halphen and Nguyen, 1975), where both
state and complementary laws are derived from energy and dissipation
potentials.

The theoretical framework and the proposed thermomechanical
model combining visco-hyperelasticity and the Mullins effect are pre-
sented in Section 2. Section 3 describes the experimental procedure on
sow perineal tissues, the numerical implementation, and the global sen-
sitivity analysis. Finally, Section 4 provides the discussion, conclusion,
and perspectives for future work.

2. Stress softening and visco-hyperelastic model
2.1. Kinematics

Let x = y(xp.1) : £y xRt - Q the motion mapping and F the
associated transformation gradient tensor. x, and x are the positions of
a particle in the (Lagrangian) reference £, and (Eulerian) current
configurations such that F = d, x. Throughout this work, the notation
0, denotes the partial derivative with respect to the variable var.

The Cauchy-Green C and Green-Lagrange strain tensors E corre-
sponding to the above transformation gradient are written as:

C=F'F,E= %(C—l), @

1 being the second order identity tensor. The stretch ratios 4;, i = 1..3
correspond to the square roots of the eigenvalues of C.

The invariants of C, commonly used in large strain, can be expressed
as:

I, =tr(C), I, = %[(tr(C))z —tr(C?)], Iy = det(C) = J?, )

where J = detF is the Jacobian determinant of F, representing the local
volume change.

Some partial derivatives of these quantities with respect to C will
be useful when presenting the model. Classically, it can be shown that:

dcdet C = det CC!, 9pJ = %JC". 3)

2.2. Experimental observation

The Mullins effect can be observed on filled elastomers and soft
living tissues when they are tested through specific loading and unload-
ing tests. These materials are thus subjected to repeated deformation
cycles, with the load being increased and decreased at controlled strain
rate. In the case of ideal Mullins effect, following the initial loading
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Fig. 1. Mullins effect and viscoelasticity at finite strain.

cycle (“active loading”), the material shows a decrease in stiffness
and deviates from the original stress—strain path in subsequent cycles
(“neutral loading”) while the maximum deformation is not reached. In
the absence of viscosity, the stress—strain response during the second
loading is identical to that during unloading (Mullins, 1969). In some
rubber materials, the most commonly cited explanation for the Mullins
effect involves the filler particles interacting with polymer chains or be-
tween polymer chains themselves via weak bonds. When first stressed,
some of these bonds break irreversibly, leading to a loss of rigidity
in the material. The weakest bonds break first, while those requiring
greater energy break at higher elongation levels, needing a higher stress
intensity (Diani et al., 2009). To account for this history effect, some
authors (Chagnon et al., 2004; Rebouah and Chagnon, 2014) classically
introduce a state variable represented by the maximum value of C:

I} (®) = max(1 (). 4

This variable acts directly on the elastic energy stored by the
material so that it induces a softening of the stress during unloading and
then reloading, but also allows the material to recover its elastic energy
level as soon as it returns to an elongation I, equivalent to I} which it
had reached before unloading. It should be noted that during the active
loadings I} = I, and during the neutral loadings and unloadings I ;=0

In the case of visco-hyperelastic materials, due to viscosity, the
neutral loading and unloading paths differ (see Fig. 1).

2.3. Thermomechanical framework

We consider an homogeneous and incompressible material.

The following model is consistent with those proposed by Simo
(1987) and Simo and Hughes (1998) and all those who have followed
his approach, such as Holzapfel and Gasser (2001) or Pefa et al.
(2011). Heuristically, viscoelasticity is approached by parallelizing a
hyperelastic branch and one or more viscoelastic branches (generalized
Maxwell-type model). Geometric and behavioral nonlinearities are car-
ried by the hyperelastic branch, while viscous effects remain linear with
respect to strain rate even at large strains (and reasonably low strain
rates).

In the isovolumic model proposed below (see Fig. 2), the behavior
is schematically represented by N + 1 parallel branches:

- a hyperelastic branch, which manages the nonlinear elastic behavior
and the Mullins effect through a state variable that recapitulates the
effects of the load history on the mechanical response,

- N linear viscoelastic branches, whose viscosities 4, 1 = 1..N are also
a function of the load history. This schematic formulation leads to a
total stress response denoted by S,,.

Although the schematic representation focuses on the isochoric part
of the response (related to distortional deformation), the model also
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Fig. 2. Rheological model of the isovolumic behavior: hyperelastic spring with
Mullins effect in parallel with i,i = 1..N Maxwell viscoelastic branches.

includes a volumetric contribution to enforce incompressibility, which
is essential for soft biological tissues. This volumetric term is not
illustrated in the graphical representation but is fully implemented in
the numerical formulation.

2.3.1. States variables

In an isothermal context, the set of state variables retained are
the overall Green-Lagrange strain tensor E, the N Lagrangian viscous
stress tensor Sfj’) developed by the viscoelastic branch :, and the history
scalar variable I 1* (defined in Eq. (4)), which allows the Mullins effect
to be managed. The viscous stress tensor S was chosen instead of a
viscous deformation, as conventionally done for small strains, to avoid
using any hypothesis regarding the decomposition of the transforma-
tion gradient into viscous and elastic parts, an attitude that is still often
controversial.

2.3.2. Thermodynamic potential and state laws

In isothermal conditions, the Helmholtz free energy y of a conven-
tional viscoelastic material corresponds to the portion of the deforma-
tion that is stored elastically. In the present context, this stored energy
is fully described by the hyperelastic strain energy density W, as well as
by the elastic components of the viscoelastic branches. The remaining
part of the input energy is dissipated through viscous mechanisms.

Consequently, the thermodynamic potential chosen and denoted by
G is the Legendre transform of this free energy y extended to large
deformations. A relation between y and G can be given:

N
w=G6- ) 00G:SY. )
=1 v
Decomposing the potential G into isochoric and volumetric parts,
we obtain

N
* * 1 ) . 1) . U
G=G(E.S,. I")=W,(C.I})+S, : E—EZRO LSO 1 804G, (),

=1
. J/

GisoES,.I7)

(6)

where S, = ZZ | SY. The last term in G;,, involves a double contraction
of a fourth-order tensor with two second-order tensors. In index nota-
- : . Q) L gy _ g3 3 3 3 (1) o o
tion, this reads as: R” : 8" : 8 =¥, ¥ ¥/, X R So Soi
In (6) each term has the following meaning:

* W.(C. I})
This term is the modified hyperelastic strain energy density,
weighted by a softening function F(I;,I;), which is defined,
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continuous and differentiable, to model the Mullins effect. Specif-
ically,

6CWE(E,I*)=P(Il,ll*)dcl/l/e(C) 7
where F(1;, I7) is a positive real smaller than 1 and satisfying:
F(I,,I7) = 1,0, F(I;, I}) = Oando; F(I,,I}) = Owhenl; = I7. (8)

The variable I stores the maximum experienced value of I; with
evolution defined by:

I hif =Iyand f; 20
171 0otherwise.

€©)

A possible choice for the softening function is:

« a

I -1

Fa ) =1-n( 4= ) . 10
1

where 5 and « are adimensional material parameters.

A specific form of W, can be selected depending on the ma-
terial behavior. The present framework is compatible with any
hyperelastic model defined in terms of strain invariants. For a
comprehensive overview of available constitutive models, the
reader is referred to standard references on continuum mechanics
and hyperelasticity (Marckmann and Verron, 2006).

° gva[
The volumic part is defined as:
Goat(J) =p(J = 1), an

where p is a Lagrange multiplier enforcing the incompressibility
condition J = 1.

R®

Each tensor R® represents a symmetric fourth-order compliance-
like tensor and respects the incompressibility hypothesis. A typi-
cal form can be:

o _ 1 1 . _ _
Rijk/ = m(éikéﬂ +§[/6jk) - W‘SU‘SH’ l,j,k,l = 13, 1=1.N

12

where G are shear-like moduli,

The state laws are the partial derivatives of the potential ¢ with
respect to the different state variables. We then get:

Ag = 056G = 9gGiso + OEGuor
As(l:) = 058)0, 1=1.N (13)

Taking Eq. (6) into account, the conjugate variables can be rewritten
as:

Ag =20cW,(C, I;*) + 8, + pC~!
Ag =E-R: SY 1 =1.N (14)

2.3.3. Dissipation potential and thermodynamic forces

As mentioned above, the GSM framework proposes to derive the
complementary laws (i.e. thermodynamic forces) from a dissipation
potential that depends on the fluxes of the selected state variables.

In what follows we suppose that the dissipative effects are ex-
clusively due to viscosity, and that the viscous behavior remains
linear. However, following the thermodynamic framework proposed
by Halphen and Nguyen (1975), the dissipation potential is not only
a function of the rates of internal variables, but may also depend
explicitly on the state variables themselves, which are considered as
parameters of the model:

N
. , 1 . .
o(E.SY. ITE S 11 = 2 ) u(E.IDAY 1 AL as)
=1



A.-S. Caro et al.

where A(sl). =E-RO : $¥ and uO(E, I¥) is a viscosity coefficient
that evolves with the material state. This formulation makes it possible
to reflect, for instance, a viscosity that decreases during unloading,
thus capturing the behavior of a wide range of soft materials under
cyclic or complex loading. For instance, it may be modulated by the
same function 7 used to describe the Mullins effect, although this
formulation is not limited to such a dependency and can accommodate
other forms of state evolution. As a result of this choice, the dissipation
potential no longer explicitly depends on the internal variable flux I N
nor on the viscous stress tensor S..

The thermodynamic forces of the model play the same role with
respect to the dissipation potential as the conjugate variables with
respect to the thermodynamic potential. In this case the forces are
defined by:

Xy, = dpo(E, S E, 1) = ¥V yOE, 1)(E - RO : §V),
E E v 1 =1 1 v

X0 = 040 o(E. 8, E. I}) 16)
= —uO®E, IHRO : B -RO : §), 1= 1.N.

2.3.4. Dissipation analysis

The link between conjugate variables and thermodynamic forces
is classically established by comparing two values of the dissipation
d. The first is derived directly from the Clausius-Duhem inequality
(2nd principle) and the second is obtained via the definition of the
dissipation potential itself. The Clausius-Duhem inequality can be read
as:

d=S:E—-y >0 a7

where S is the second Piola—Kirchhoff tensor. On the other hand, the
definition of the dissipation potential gives:

N N
d=0gp : E+ Zasgf)(p : Sg) =Xj : E+ ZXS(f) . SE;) (18)
=1 =1
From (5) we can compute the time derivative of the free energy:

N
W =Ag :E+A,TI';"—ZAS(U,) 280, (19)
=1
leading to
N
W=(Ag-8,) E+ ) RO :80 804 Aply. (20)

=1
During the active loadings A = 0 (from Eq. (8)) and during the
neutral loadings and unloadings I [ = 0 so that A,l*I' ;= 0 for any
loading paths.
Introducing expression (20) in (17) and using (14a) lead to express
the dissipation as:
N
d=(S=2FU,, I})9cW, —pC™') : E= Y RV : 8V : §0. (1)
=1
On the other hand, one can use Eq. (18) with (16) to obtain another
expression for the dissipation:

d=3N WOE® HE-RO : $Y) : B

SN HOE IHRO : (E-RO : 8 : 87 (22)
Comparing then the Egs. (21) and (22), we finally obtain:
SO =pOE, 1) B-RY : 8V), 1= 1L.N (23)
and
S =2FdcW, +8, + pC~L. (24)

The stress tensor S can be therefore decomposed into an isochoric
S;s, and volumetric parts S,,, such that:

Siso = 2F0cW, +8,, S, = pC7, (25)
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with
RO S0+ L g0
HOE, I}) 1=1,...,N (26)
sVl =0
U =0

0 being a second order tensor.

The stress is therefore fully know once the parameter set § =
(cq,cq, 03, { ;4,-}1_11 1 @) is defined. For convenience and to allow di-
rect comparison with experimental data, we introduce the first Piola—
Kirchhoff (PK1) stress tensor, which is derived from S using the rela-
tion:

P=FS.

3. Uniaxial testing on sow skin tissues - Analytical model

In the present study, we focus on uniaxial tests performed on
porcine skin tissues. These biological samples were selected because
they exhibit key features relevant to biomechanics, such as nonlin-
ear elasticity, viscoelasticity, and stress softening, along with a sig-
nificant mechanical variability from one specimen to another. This
inter-individual variability is representative of the heterogeneity en-
countered in biological tissues and provides a meaningful benchmark
for validating constitutive models.

Although soft tissues are inherently anisotropic, we adopt here
an effective isotropic formulation to describe the response along a
single loading direction, consistent with the uniaxial nature of the
experiments. This modeling choice allows us to investigate, in a con-
trolled setting, the ability of the proposed formulation to reproduce
key dissipative mechanisms, including rate-dependent stress relaxation
and Mullins-type softening. The model is formulated using strain en-
ergy invariants (in particular I,), and is thus naturally extendable to
three-dimensional loading conditions. This uniaxial validation should
therefore be seen as a first step towards the application of the model
in more complex multiaxial biomechanical contexts.

3.1. Experimental procedure

Fresh sow perinea were collected from Ales slaughterhouse. The
skin layers were dissected and stored in a sealed bags in a cryocon-
servant solution (10% glycerol 90% phosphate buffered saline) (Caro-
Bretelle et al., 2016). The bags were placed in an ethanol bath and
both were stored at —80 °C. 4 weeks later, the bags, still in the ethanol
solution, were thawed at 5 °C for 6 h. Samples were dissected from
the tissues, following the natural orientation of the vaginal tips (see
Fig. 3 (left)). The samples were tested along their longest dimension,
with an approximate 1:5 aspect ratio (5 mm width x 25 mm height),
corresponding to the maximum usable length that could be clamped.

The uniaxial tensile tests were performed using a Zwick THO010
universal testing machine, controlled with the TestXpert II® software.
The samples were clamped in jaws with sandpaper to avoid sliding,
and digital image correlation was used to estimate displacement field.
The samples were stretched until 30% following a cyclic loading—
relaxation-unloading protocol (strain rate 0.01 s~!). The loading, re-
laxation and unloading phases lasted 30, 120 and 30 s. The protocol
is provided in Fig. 3 (right) and the experimental axial stress—time and
elongation curves are shown for three samples obtained from different
sows (Fig. 4).

3.2. Numerical implementation

Let us consider a cartesian frame (X, y, Z) and examine an idealized
uniaxial test along the direction X for a incompressible, isotropic visco-
hyperelastic material. In this case, the kinematics and stress expressions
can be simplified:

F = AX@%+4725@75+17122®2, C = 2XQ3%+ 1" 5@+ 17'2®Z, (27)
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Fig. 3. Sampling location on the sow perineum (left). Mechanical testing protocol with imposed elongation, including loading, relaxation, and unloading phase
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Fig. 4. Experimental axial stress and axial elongation over time during loading, relaxation, and unloading cycle for three samples from different sows.

S=S3i®% (28)

I =2+2274 (29)

where 4 is the axial stretch ratio.

The viscous stress tensor is evaluated from (26). Since both E is
diagonal and the initial condition corresponds to a stress-free state, the
solution of (26) preserves a diagonal structure. Therefore, Sfj) takes the
form:

SV =SUF@I+S)F@®V+SUZ®Z 1=1.N. (30)
In this particular case, the stress components, are:
N
S, =2F0; W, + 3 SO+ pa,
=
q S, =2F0, W, + Y, SO +pi=0, (31)

=1
N

S, =2F0, W, + ) S +pi=0.

1=1
For simplicity, the viscous parameter in (15) is assumed to depend
only on the invariants of the deformation, yielding:

HOEIT) = WO, ). (32

This choice reflects the isotropy of the material and the assump-
tion that viscous effects are primarily governed by the deformation
magnitude and loading history, rather than the full tensorial state.
Such a formulation also facilitates calibration and reduces the number
of internal variables, while still capturing essential history-dependent
features like softening during unloading.

Egs. (26) are reduced in this case to:

00 1 5O = 360014 SO | _ =
A B ek 3.

U U U U 11— U
2:080) 4 51) = 3602042, S L= 0
SUIZ = vayy Sulz |t=0= 0,

(33)

u®

1
with @ = G0 In these expressions we have introduced a new pa-

rameter, the relaxation time,  (in seconds), which is commonly used
in the literature on viscoelasticity. Moreover, we assume that x® and
7 are both dependant on 7, and I} via the formula:

u® = 7?/4((;), 0 = 7"1(()'), 1=1..N, (34)
leading to
,u(')
GY = %% = %Gé‘), 1=1..N, (35)
o
where ;4(()'), 70 and G(()') are respectively the initial viscosity coefficients,

relaxation times and shear moduli in each viscoelastic branch.

This choice reflects the hypothesis that microstructural alterations
responsible for the Mullins effect impact not only the elastic response
but also the dissipative mechanisms. In biological soft tissues, such
structural changes affect both stiffness and internal friction, enabling
the modulation of viscoelastic parameters by the same softening func-
tion F (Xiang et al., 2019).

From (31b) and (31c) we can deduce that Sl()’y) = 5 and hydrostatic
pressure can be deduced from (31b) and replaced in (31a) leading to:

N N

Sy =201 = AHFo W+ Y SO -7 Y 89, (36)

=1 =1
In this part we focus on isotropic hlyperelasticity depending on the
invariants of the right Cauchy Green tensor (Gurtin, 1982):

W,(C) = W,(I,. 1. I). 37)

More, we consider a cubic form, that is frequently used in the
literature to model the hyperelastic behavior of the skin Joodaki and
Panzer (2018), Alliliche et al. (2023), proposed by Yeoh (Yeoh, 1993),
depending only on I, and on material parameters ¢, ¢, and c3, all of
them positive:

W,(C) = ¢,(I} = 3) + ¢, (I} = 3)* + ¢5(I; = 3)°. (38)
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Fig. 5. Comparison between experimental and numerical data after fitting process: axial PK1 stress versus time and elongation for the sample 2.

The derivation of W, can be simplified in:
IcWe =10, W,. (39)

All the equations presented above were implemented using Python
(version 3.11.12). A dedicated script was developed to solve the dif-
ferential equations, compute the stress response under given loading
conditions, and fit the model parameters. The identification was per-
formed by minimizing a cost function defined as the sum of squared
differences between experimental and simulated axial stress values:

T

(PP (1)) — Pty )%, (40)
k=1
where 0 is the set of model parameters and T the number of time points.

An optimization procedure was performed independently for each
of the three experimental tests to identify the model parameters. The
optimization was carried out using Powell’s method, a derivative-
free algorithm well-suited for non-linear problems with potential local
minima. The identified values for the hyperelastic, viscoelastic, and
Mullins softening components are reported in Table 1. Despite inter-
individual variability, the optimized parameters remained consistent
across the three samples, confirming the robustness of the model. To
assess the quality of the fit, the root mean square error (RMSE) was
computed between model and experimental data, both over time and
as a function of elongation. The RMSE values in time remain low for
all three samples, indicating a good agreement between the model and
the experimental data over the loading-relaxation-unloading sequence.
However, the RMSE values computed against elongation are higher.
This discrepancy is mainly due to the end of the unloading phase and
the beginning of the subsequent reloading, where the experimental
axial stress becomes slightly negative. This behavior reflects irreversible
mechanisms (e.g., plasticity or microstructural damage) that are not
accounted for in the present model, which assumes fully recoverable
hyper-viscoelastic behavior. The discrepancy also partially originates
from the loading phase, where the use of a more advanced hyperelastic
model could improve the fit. Nevertheless, such a refinement would
require a larger number of parameters to be identified, increasing the
model’s complexity. Interestingly, the optimization yields ¢, = 0 in all
three cases. This result can be explained by the pronounced stress decay
observed during the relaxation phase. As a consequence, the influence
of the hyperelastic term—particularly ¢;, which primarily affects the
initial stress increase—is effectively masked by the dominant viscous
contribution.

For example, a comparison between experimental curves and model
predictions is presented in Fig. 5, showing good agreement between
experimental and numerical data.

3.3. Sensitivity analysis
Following the definition of the mechanical model and the identifi-

cation of optimal parameters, a global sensitivity analysis was carried
out to evaluate the robustness and identifiability of the parameters over

Table 1

Optimized parameters for the three experimental tests.
Parameter Sample 1 Sample 2 Sample 3
¢, (kPa) 0.0 10.6 0.0
¢, (kPa) 50.1 63.4 50.3
¢; (kPa) 412.6 907.0 409.0
G\ (kpa) 404.0 431.1 424.6
G (kpa) 153.5 183.0 164.9
7" (s) 1.1 10.2 1.7
7 (s) 12.2 23.9 18.1
a 0.12 0.14 0.32
n 0.69 0.65 0.74
RMSE (in time) 0.040 0.028 0.025
RMSE (in elongation) 0.159 0.193 0.151

their full plausible range. This analysis, based on Sobol indices, quan-
tifies how the variability in model outputs can be attributed to each
parameter and to their interactions. Specifically, the first-order indices
(S;) measure the isolated effect of each parameter, while the total-order
indices (S;) account for both individual and interaction effects. This
variance-based approach provides a comprehensive understanding of
parameter influence, independently of the optimized values, and helps
inform future experimental design and model improvement. For further
methodological details, see Sobol (2001).

The full parameter space included nine model parameters: three
hyperelastic constants (c;, ¢,, ¢;), two time constants (z(V, z?), two
viscous moduli (G, G@), and the two Mullins parameters (a, 7). The
bounds were defined as follows:

. ¢, ™0, G¥ € [0, 100] for 1 = 1,2,
ca,ne€l0,1[.

The sampling was performed using a Sobol sequence with 1024
points to ensure appropriate coverage of the parameter space. This size
was chosen based on a convergence analysis, which confirmed that
increasing the sample size beyond 1024 did not significantly change
the computed Sobol indices. In addition, the bounds for each parameter
were also defined based on a preliminary convergence analysis to en-
sure that the selected ranges adequately captured the sensitivity of the
model. Each sampled parameter set was used to simulate the mechan-
ical response under a single loading-relaxation—unloading-reloading
cycle.

Five scalar indicators were extracted from these simulations:

. Initial stress slope (start of loading) .S, ( kPa),

. Initial relaxation slope (start of relaxation) S, (kPa/s),
. Unloading slope (start of unloading) S, ( kPa),

. Relative relaxation amplitude RR ( kPa),

. Hysteresis area H A ( kPa) for all positive axial stresses.

aua bh whN

Fig. 6 summarizes the indicator definitions.
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Fig. 6. Definition of key indicators used for Sobol analysis.
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Fig. 8. Second-order Sobol indices (parameter interactions) for each indicator.

Fig. 7 present the first-order and total-order Sobol indices for all

parameters across the five retained indicators. Interaction terms are

shown in the second-order coupling matrices (Fig. 8).

The results confirm that each indicator is particularly sensitive to a

distinct subset of parameters:

+ Initial slope (loading): dominated by c¢; (S,

0.10
0.08
0.06
0.04
0.02
0.00
-0.02

= S = 0.66),

followed by G(()l) and G(()z) (~0.15) with negligible interaction.
+ Hysteresis area: again ¢; dominates (S; = 0.65, Sy = 0.65), but

with minor contributions from r(()’), Gg), 1

1,2. Second-order
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interactions are limited, with a mild effect from G(()’)/r(()’), 1=1,2
coupling.

Initial relaxation slope: r(()l) and T(()z) are most influential (S ~ 0.5,
S ~ 0.35), with Gf)l) and G(()Z) playing smaller roles. The G((;)/T(()I)l =
1,2 interactions are the most relevant couplings.

Relaxation amplitude: ¢; is the main contributor (S; = 0.3, Sy =
0.48), followed by ¢, and G\, G(()z). Couplings are moderate and
mostly involve ¢, with r(()’), Gg) and ¢, with 7, 1= 1,2
Unloading slope: mainly influenced by Mullins parameters—a
(S; = 055, Sy = 0.8) and 7 (S; = 0.1, Sy = 0.35)—alongside
¢; and ¢, at lower levels. Interaction is strongest between « and
n.

As a result, each group of model parameters (elastic, viscous, and
Mullins-related) is mainly identifiable from a specific portion of the
test. The loading phase allows the identification of elastic and viscous
moduli with limited coupling; the relaxation phase is essential to
determine the time constants, though with moderate Gg)/ré’), 1=1,2
interactions; and the unloading-reloading sequence provides strong
sensitivity to the Mullins parameters. The generally good agreement
between first-order and total-order Sobol indices confirms that pa-
rameter influence remains largely independent. Altogether, the results
support the relevance of the proposed protocol to robustly identify
all parameters of the visco-hyperelastic-Mullins model from a single
experimental test.

4. Conclusion

This study introduces a unified thermodynamical framework that
combines Mullins effect and visco-hyperelasticity to model the behav-
ior of filled elastomers and soft tissues under large deformations. By
integrating both hyperelastic and viscous components within a finite
strain thermodynamic approach, the proposed model provides an accu-
rate and comprehensive description of the material’s behavior during
repeated loading cycles.

A key feature of the model is its ability to capture the coupling
between strain rate and stress, which is essential for reproducing the
observed mechanical response in soft biological materials. Furthermore,
the model accounts for history-dependent stress softening (Mullins
effect), which progressively appears during unloading and reloading,
as confirmed by the phase-wise sensitivity analysis.

The optimization procedure resulted in a good agreement between
experimental and simulated curves. To further evaluate the robustness
of the identified parameter set, a global sensitivity analysis was con-
ducted. It revealed a clear separation in the influence of parameters
across different phases of the loading protocol. This indicates that
each parameter family (elastic, viscous, Mullins) can be effectively
constrained by distinct segments of the experiment, thereby supporting
the identifiability and relevance of the proposed protocol.

As we continue to refine and validate this model, its potential
applications extend across various domains, including biomechanics,
prosthetics, and biomaterials. The ability to predict the mechanical
behavior of soft tissues and filled elastomers under complex loading
conditions can aid in the design of more effective implantable devices,
prosthetic materials, and biomechanical simulations. Future work will
focus on extending the model to multiaxial protocols (potentially re-
quiring the introduction of additional invariants (Anssari-Benam et al.,
2018)) and in vivo tissue conditions, where the interplay between mi-
crostructure, damage, and rate effects becomes critical. In this context,
efforts will also focus on going beyond the current assumption of linear
viscous behavior by introducing non-linear rate-dependent effects.

In addition, we aim to incorporate anisotropic behavior, commonly
observed in biological tissues, not only in the hyperelastic response but
also in the Mullins effect, by introducing direction-dependent constitu-
tive features. The thermodynamic framework also opens the way for the
integration of entropic effects, which are essential to accurately capture
temperature-sensitive responses in soft materials.
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Nomenclature
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Description

Transformation gradient tensor
Cauchy-Green strain tensor
Green-Lagrange strain tensor
Second Piola-Kirchhoff tensor
Second isovolumic Piola-Kirchhoff tensor
Second Piola-Kirchhoff viscous tensor
First Piola—Kirchhoff tensor
Second order identity tensor
Second order zero tensor
Hydrostatic pressure
First invariant of C
Stretch ratios

N Maximum historical value of I,
w, Hyperelastic strain energy density
F Softening function (Mullins effect)
W Helmholtz free energy
G Thermodynamic potential
J Jacobian determinant of F
e
G»
7®
R®

nnma™

b
3

<

~NT O =W

Viscosity coefficient of branch :

Shear modulus of branch :

Relaxation time of branch :

Fourth-order compliance-like tensor of branch :
Opar Partial derivative with respect to the variable var
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