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The aim of this study is to investigate the effect of different types of static loadings on the mechanical
behaviour of a standard arch bridge and a masonry stone bridge in real scale. The mechanical analyses
are performed using the Non-Smooth Contact Dynamic method (NSCD) known as an implicit discrete ele-
ment method. After a brief description of the NSCD method, the stability state analysis is carried out over
a classic stone arch in order to demonstrate the efficiency of this numerical method to reveal the diverse
collapse mechanisms happening in the masonry structures under several static loading conditions. For
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1. Introduction

The masonry stone arch bridge is one of the oldest constructions;
this structure makes use of the high compressive strength of rock
blocks to transmit the loads to the ground [1]. On the contrary, rock
blocks cannot resist to a high amount of the shearing load, therefore
the strength of stone arch bridges against shear and tension is very
low. The stability state analysis and failure mechanism of masonry
arch structures is a complex task, and has to take into account di-
verse loads applied to the structure, including its own weight. In
other words, the predictability of masonry arch structures mechan-
ical behaviour can be considered with caution [2]. Conservation and
restoration of historical structures are always a challenge to modern
practitioners even if significant research advances have recently oc-
curred [3]. Times shows that historical masonry structures col-
lapsed due to natural disaster such as earthquakes, or floods. As a
result in order to understand the influences of these actions over
the masonry structure, safety assessment and mechanical analysis
of historical buildings are often necessary [3].

One can notice that, even nowadays, masonry arch bridges in a
majority of countries are considered as the main part of national
road and rail network bridges. As a result, their assessment, espe-
cially for the structures in use, becomes a necessary task [4]. On the
other hand, for some countries stone arch bridges are considered as
part of the cultural heritage. In these cases also, their more detailed
analysis is of interest in view of their preservation, and/or restora-
tion and reinforcement [5].

A number of numerical approaches exist for assessing the
mechanical behaviour of the masonry structures. Masonry struc-
tures in most cases include a heterogeneous material composed
of blocks, with various shapes and sizes, separated by joints [6].
A stone bridge consists of stone blocks and mortar joints. In some
cases the mortar does not exist as it is the case in almost all roman
large stone course bridges. By considering the discontinuous nat-
ure of masonry structures, computational methods which take into
account this feature are more suitable to investigate their mechan-
ical behaviour. A method based on a discontinuous conception
such as the discrete element method (DEM) considers a masonry
structure as a collection of distinct blocks, each block being able
to move. Different types of computational techniques such as dis-
crete element based approaches, discontinuous deformation anal-
ysis (DDA) and combined finite element/discrete element method
are nowadays used to investigate the mechanical behaviour of ma-
sonry structures [7]. The three-dimensional limit analysis is also
successfully applied to investigate masonry construction failure
mechanism by considering different mechanical behaviours and
contact interaction laws [8–10].

In the current study, the mechanical behaviour of stone ma-
sonry arch bridges is investigated by an implicit discrete element
method known as Non-Smooth Contact Dynamics method (NSCD).
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Fig. 2. Contact interaction: (a) the Signorini law and (b) Coulomb dry friction law.
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Table 1
Mechanical properties: (a) average mechanical properties measured for three rock
samples from limestone quarry of Estaillades [27] and (b) mechanical parameters
used for the numerical analyses in the current study.

Density
(kg/m3)

Porosity
(%)

Young’s
modulus
(MPa)

Poisson’s
ratio

(a)
Sample 1 1860 33 12,000 0.22
Sample 2 1860 33 14,900 0.23
Sample 3 1860 33 12,800 0.24

Density
(kg/m3)

Young’s
modulus
(MPa)

Poisson’s
ratio

(b)
Parameters used in this

study
1860 13,000 0.23
The NSCD method is incorporated in the open platform program
LMGC90 [11]. This code allows us to model the geometrically com-
plex masonry structures, made of rigid or deformable bodies, with
complex mechanical behaviour (elasto-plastic, damaged materials)
or interactions (frictional and cohesive contacts). LMGC90 [11] is
based on a hybrid or extended FEM–DEM discretization, using var-
ious numerical strategies, such as molecular dynamics MD or
NSCD. The NSCD method is applied in the first phase of this study
to investigate the behaviour of a classic stone arch bridge in two
and three dimensions, and afterwards a roman stone bridge in real-
istic scale is studied under static and quasi-static loading condi-
tions. But before beginning the modelling stages, a brief
explanation is presented in order to introduce the NSCD method
and the LMGC90 code.

2. The Non-Smooth Contact Dynamics method

Included in the group of the ‘‘discrete element methods’’ (DEM)
introduced by P. Cundall, the NSCD method is distinguishable from
the original DEM due to the following items:

– An implicit scheme for integrating the time discretized dynam-
ical equation.

– A non-regularized interaction law (Signorini unilateral contact
and Coulomb dry friction)

As it is the case with other distinct element methods, the possi-
bility for finite element discretization in order to fit the mechanical
behaviour of rock blocks (elastic, elasto-plastic, visco-plastic
behaviour) is also available with the NSCD method, based on math-
ematical formulation of non-smooth dynamics, extended and
developed by Jean and Moreau [12–19]. One of the important char-
acteristics of the NSCD method is its capability to resolve frictional
contact problems without introducing artificial penalization
parameters or damping. The Coulomb friction law and rigid contact
condition is perfectly taken into account in this method. The NSCD
method does not involve small interpenetrations between particles
as with a customary DEM method, and the algorithm used is
unconditionally stable due to an implicit discretization [20].

The frictional contact relationship between two adjacent bodies
can be explained as follows [21]. We can consider these two bodies
sufficiently close to come into contact in the point P shown sche-
matically in Fig. 1. Then we define a normal vector N

!
which points

from one body considered as the antagonist to the other body, con-
sidered as a candidate to contact and a tangential vector T

!
, which

also gives the other axis of the local coordination system in the
contact point. In this way, local variables are introduced in order
to define a frictional contact law:

The relative velocity of P with respect to O0:

U ¼ ðUT ;UNÞ ð1Þ
O'

O

N

TP'

P

Fig. 1. Schematic local frame for an antagonist and a candidate body at a potential
contact between two particles.
The reaction force exerted by O0 on O:

R ¼ ðRT ;RNÞ ð2Þ

and the gap distance is defined by: g ¼ P0P.
The Signorini condition takes into account three basic condi-

tions that establish the first unilateral constraint in this technique:

– Impenetrability: g P 0.
– No attraction acts between bodies: RN P 0.
3.85 m

(a)

(b)
Fig. 3. Classic stone arch bridge, the arch part is composed of 25 blocks [28]: (a) 3D
rigid model with a thickness of 0.40 m and (b) 2D deformable (deformable discrete
element) model and a close-up image of triangular mesh elements.



– Once the bodies are no longer in contact, the reaction force van-
ishes [9,10]:
g > 0) RN ¼ 0 ð3Þ

These relations are summarized schematically in the graph
shown in Fig. 2a. It should be added that in the case of a cohesive
condition between two bodies in the contact state, the cohesive
force is added to RN, but this force is set to zero once the two bodies
lose their contact. In other words, a potential contact point be-
tween two particles has the following dynamic content: as long
as the gap distance between them remains positive, no contact
force is activated and RN is zero; once there is no gap distance, nor-
mal contact force is mobilized at the contact point [22].

The second unilateral constraint is the Coulomb dry friction law
that establishes the two following conditions Fig. 2b:
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Fig. 4. Results obtained for the 3D rigid model (a–d) four snapshots of the vertical displac
the calculation time, (e) evolution of the cumulative dissipated energy in Joule during the
active contacts.
– Calculating the friction force with respect to Coulomb’s law:
this force is limited by Coulomb’s cone: ||RT|| 6 lRN, where l
is the friction coefficient.

– In the case of the sliding condition, the friction force is considered
in the opposite direction of sliding and its value is equal to lRN:
UþT –0) RT ¼ lRN
UþT
kUþT k

ð4Þ

This law can be used to treat frictional contact problems for
deformable or rigid bodies. It should be noted that more compli-
cated friction laws can be added to this technique. After describing
the unilateral constraints taken into account in this technique, we
now explain the dynamic equations that are employed to formu-
late the motion process [13,14]. The dynamic equation of a body
in consideration of contact (but without shock phenomenon) can
be written in the following form:
(b)
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ement distribution over the model in meter respectively for 0.1, 0.2, 0.25 and 0.3 s of
calculation, and (f) change in the number of contacts, including sliding, stuck and all



M _u ¼ Fðq;u; tÞ þ PðtÞ þ r ð5Þ

where M is the mass matrix; F(q, u, t) represents internal forces; q is
the representative of some parameters for example, the position of
the centre of gravity of a rigid body, the rotation parameters of this
body or the displacements of the nodes of a finite element mesh; u
is the velocity function; r indicates the contribution of the unknown
contact forces; and P(t) denotes the external forces.

In the NSCD method the basic interaction laws, explained previ-
ously, are considered as non-smooth laws in terms of multi-
mappings. The dynamic equation must be discretized by a low
order implicit algorithm due to the non-smoothness of the velocity
function. Therefore, by considering a time interval [ti, tf] with
length h, the following equation can be yielded:

Mðuf � uiÞ ¼
R tf

ti
ðFðq;u; sÞ þ PðsÞÞdsþ hrf

qf ¼ qi þ
R tf

ti
uds

hrf ¼
R tf

ti
rdm

8>>>><
>>>>:

ð6Þ

where hrf, an unknown of the problem, represents the total contact
impulse during the time interval. In fact, the main unknowns in the
NSCD technique are the relative velocities U = H�uf between contact
boundaries at some overlapping moments with the time steps and
average reaction impulses hr = HhR over the time steps (H denotes
the linear transition agent). These last two relations allow the tran-
sition between the global and local scales. Relative speeds are con-
nected to the local reactions R by the kinematic relations: the laws
of Signorini and Coulomb, as described above (for detailed explana-
tions see [12–19,22]). The LMGC90 code is based on the NSCD
method and was developed in the Montpellier University mechan-
ical and civil engineering laboratory. This code has been used to
study the behaviour of granular materials such as the segregation
or compaction phenomena, or railway ballast fatigue. The valuable
Fig. 5. Results obtained for the 2D deformable model (a–d) four snapshots of the vertical
0.3 s of the calculation time.
feature of the LMGC90 is its large range of contact laws already
implemented and its ability to consider more complex surface
interactions such as cohesion [20]. We intend to use this code for
modelling masonry arch structures in this study. It should be men-
tioned that the NSCD method has been applied to study granular
materials, masonry structures and rock slope stability analysis
[22–26]. In Ref. [26], one can analyse the comparisons made over
the results obtained by the LMGC90 code, limit analysis and finite
element method for several classic simple masonry wall models ex-
tracted from Refs. [9,10]. The purpose of performing these compar-
isons was to demonstrate that the results obtained by LMGC90 code
are realistic and comparable with other known numerical method
and experimental results.

3. Numerical analysis

In the current study, two phases of numerical modelling are
presented: first, on a stone arch, then on a real historical masonry
bridge. In order to introduce the NSCD method and LMGC90 code,
the failure mechanism of a simple stone arch is firstly investigated.
The mechanical properties of the stone used for both models are
obtained from mechanical tests performed on limestone samples
of the Estaillades quarry situated near to the roman stone bridge
[27]. Table 1a shows the results of three mechanical tests made
on limestone block. Three cores, 70 mm in diameter, and
140 mm high, are extracted from one limestone block in three
orthogonal directions in order to take account its slight anisotro-
pies. The stone blocks of this limestone quarry and the roman ma-
sonry bridge have the same mechanical and material properties.
On the basis of the performed tests, the needed mechanical param-
eters are extracted for the numerical analyses, for the classic arch
and the roman masonry bridge (Table 1). In the case of rigid mod-
els, only the rock density is used and for the models with deform-
able elements, the Young’s modulus and the Poisson ratio are also
taken into account (Table 1b).
displacement distribution over the model in meter respectively for 0.1, 0.2, 0.25 and



3.1. Classic stone arch modelling

In the first stage of numerical modelling by the NSCD method,
the mechanical behaviour of a classic arch bridge is investigated
in two and three dimensions. Fig. 3 illustrates the geometry of a
simple classical arch bridge used to show the application and effi-
ciency of the NSCD method for studying the failure mechanism of
masonry structures. The arch geometry used in this study is a typ-
ical masonry arch bridge [28]. The mechanical behaviour of the
model is investigated under static vertical load applied by increas-
ing the density of three blocks shown in Fig. 3a by a different col-
our. These three blocks are considered to be 100 times denser than
the other blocks which have a density of 1860 kg/m3 (Table 1b).
One can notice that a vertical load can be also applied directly to
any block of the model statically and dynamically, but in order to
have the least imposed changes between the 3D rigid and 2D
deformable models the simplest way of static loading is chosen.
In other words, the 2D deformable and 3D rigid models are loaded
completely in identical ways, so the comparison of their results can
be easily made.

The cohesive contact law is applied for this classic arch model: a
Coulomb law for which the status at the beginning of calculation is
a cohesive status. The normal and tangential cohesion thresholds
for this model are respectively 10 kPa and 7 kPa, and the Mohr–
Coulomb cone has an opening angle u so that tan (u) = coht/cohn
where coht is the tangential cohesion threshold and cohn refers
to the normal cohesion. The static friction coefficient at this stage
Fig. 6. Pont Julien: (a) view of three spans of the Julien stone bridge and (b) 3D mo
is considered equal to 0.7. Once a cohesive contact is broken; the
contact will switch to a dynamic dry friction contact behaviour
with the coefficient of friction equal to 0.6.

The results obtained for the 3D rigid model are illustrated in
Fig. 4. As can be seen in Fig. 4a–d, the four hinged failure mecha-
nism is obviously distinguishable for this classic arch bridge loaded
approximately at the quarter of its span, these hinge points are
illustrated in Fig. 4d. It should be noted that this 3D model is com-
posed by undeformable blocks in contact with cohesive Coulomb
law. These four snapshots (Fig. 4a–d) show the state of the arch
at different instances of the calculation. During the calculation,
the cumulative energy dissipated in the model is recorded and
illustrated in Fig. 4e. This graph presents the amount of the energy
dissipated by breaking cohesive contacts, friction and shocks with-
in the model. As can be observed, this energy shows a high increase
for the first 0.1 s, and then remains more or less unchanged. The
change of the number of contacts in the model is also monitored
during the computation. The graph in Fig. 4f shows the change in
the different type of contacts including stuck and sliding contact,
and also the total of active contacts. As can be seen, the number
of active and stuck contacts decreases by increasing the instability
inside the model, and, accordingly, the number of sliding contacts
increases.

The mechanical behaviour of this arch is also investigated by
considering the deformable blocks in a 2D model. The deformable
model consists of 27 discrete block meshed by 1069 triangular ele-
ments. The stone blocks in this deformable model are considered
del with 1219 rigid blocks and boundary condition considered for this model.



to have a Young’s modulus of 13 GPa, and a Poisson’s ratio of 0.23
(Table 1b). The contact condition law and the vertical loading are
same as in the 3D rigid model. Fig. 5 shows the four snapshot
images of the results obtained for the deformable model. The sim-
ilar failure mechanism can be observed for this model, with four
hinge points (Fig. 5d). The failure mechanism is globally the same
for both models, but the 2D deformable model is more time con-
suming. Consequently, as the global behaviour of the structure
does not seem to be different, the 3D rigid model, being faster to
compute is preferred, and will be used in similar cases of large
stone block masonries subjected to mechanical loads.
Fig. 7. Julien bridge: (a and b) vertical displacement in meter for static state calculated
deformable model with blocks meshed using triangular elements.
3.2. Pont Julien bridge modelling

In this part of the study, the mechanical behaviour of a roman
bridge called Pont Julien in the Vaucluse region located in south-
east of France is investigated [6]. The Pont Julien is a Roman stone
arch bridge over the river of Calavon and dates from 3 BC. It was
located on the via Domitia, an important Roman road. It has a total
length of 85 m, a width of 5.9 m and it is composed of three arches
with span of 10.2 m, 16 m and 10.2 m each (Fig. 6a). This study is
focused on the mechanical behaviour of the central part of this
bridge under static and quasi-static loading states. Fig. 6b shows
respectively for 2D rigid and deformable models and (c) close-up view of the 2D



a 3D model of the Julien bridge created by 1219 blocks and also the
boundary conditions considered during the modelling phase. The
bridge is considered fixed laterally and in the base part of the mod-
el by the ground. Two central pillars are shown in two different
colours, because below part of them will be loaded by a lateral
force which increases incrementally with time. These parts are
considered to be under muddy water during floods, as a result their
apparent densities are considered to be 760 kg/m3 in the coming
Fig. 8. Three snapshots of horizontal displacement in meter for the Julien bridge under la
(c) view from above at 3.75th second.
models. This inundated part for each pillar is considered to be
6 m high, divided into three 2 m high levels. The lateral forces ap-
plied on each pillar can be uniform over these three levels or not.
The lateral forces are used in the following models to study the
mechanical behaviour of the bridge under out-of-plane loading.
One of these types of loading can partly represent the case of a
flooding condition; however flooding has its complexities such as
sudden changes in water heights, water velocity, and water
teral force applied on two central pillars: (a) at third second, (b) at 3.5th second and
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Fig. 9. (a) Change of the applied horizontal force (kN) over different levels of the
two central pillars, (b) mean horizontal displacements (in the Y direction, see Fig. 8)
in meter on three levels of the pillars, and (c) change in the number of contacts:
sliding, stuck and all active contacts.
density. It should be noted that all these parameters are not taken
into account in detail in the current study.

Before beginning to investigate the mechanical behaviour of the
bridge under quasi-static loading, the static state of the bridge is
studied in 3D and 2D models. The results presented in Fig. 7 show
the state of this bridge under a static condition for 2D rigid and
deformable models extracted from the 3D geometrical model.
The contact conditions considered in these models are a dry fric-
tion contact with 0.7 for the friction coefficient between the ma-
sonry blocks, and 0.9 between the blocks and the ground. The
mechanical properties of the stone blocks are presented in Table 1.
The number of blocks in the 2D rigid model is 351 under dry fric-
tion contact. Fig. 7a shows the results obtained for the vertical dis-
placement of the roman bridge under its own weight.

For the 2D deformable state, these 351 discrete blocks are
meshed into 13,118 triangular elements (Fig. 7b and c). As can be
observed, the vertical displacements of the bridge under self
weight condition for the 2D rigid model are really negligible
(Fig. 7a); while for the deformable model (Fig. 7b) the vertical dis-
placements are increased. It seems that much of the vertical dis-
placement in this case is caused by the block deformation. The
mechanical parameters were extracted from the laboratory work
performed by Delphine Raffard during her PhD [27]. The assess-
ment of the bridge behaviour, as a structure, should be viewed as
an academic assessment of a method and not as an engineering
assessment of the actual resistance of a masonry stone bridge un-
der real flood conditions.

In addition, this roman bridge is studied for a condition in
which one or two central pillars are displaced for example by a
flood force. In order to be able to model the flood condition, an
incrementally increasing force with time is imposed over the cen-
tral pillars in the 3D model. The snapshots of Fig. 8 illustrate the
state of the roman bridge under lateral forces applied on its two
central pillars. The applied horizontal forces at the middle level
of the pillars increase differently in comparison with the forces ap-
plied on the upper and lower levels. The graph in Fig. 9a shows the
trend of force change for each level during 5 s. As can be seen much
more force is applied over the middle level of two central pillars.
Remembering that each level is 2 m high, the maximum pressure
over the middle levels of the pillars at the end of loading (5th sec-
ond) will raise approximately to 1 MPa. Under these increasing
horizontal forces, the bridge remains stable for nearly the first
2 s, then, its failure begins. As can be observed in Fig. 8 the right
pillar begins to move earlier than left one, however the applied
force is similar on both pillars. This issue can be obviously seen
in Fig. 8c.

The mean horizontal displacement for each level of the central
pillars is illustrated in Fig. 9b, which shows that the middle levels
of the central pillars are moved faster than the two other levels, see
also Fig. 8b. On the basis of their nature, the number of contacts is
recorded during the calculation time and the results are shown in
Fig. 9c. As can be seen in this graph the number of stuck contacts
decreases after the 2nd second and the number of active contacts
also decreases gradually due to block detachments occurring inside
the model. The number of sliding contacts becomes greater than
the number of stuck contacts after the beginning of failure.

The failure mechanism of the bridge is also investigated in the
case of lateral loading only applied on the right central pillar.
Fig. 10 illustrates the obtained results for this state; the loading
trend and magnitude are the same as in Fig. 8. The right central pil-
lar is subjected to lateral forces at three levels: the force in the
middle level is greater than the force applied on the two other lev-
els Fig. 9a. The instability and failure inside the model start after
the 2nd second and the number of different types of contacts is
changed in a way similar to the previous case, i.e. the loading on
the two central pillars (Fig. 10c).

Finally the bridge model is also studied under uniform lateral
loading condition, both for the loading case on two central pillars
and only the right central pillar. In other words, the applied force
is considered to be uniform on three levels and this force is equal
to the force applied to the middle level in the precedent models.
Fig. 11 shows the state of the bridge for two conditions including
loading on two central pillars (Fig. 11a) and on the right central pil-
lar (Fig. 11b). As can be seen, the whole lower part of the pillars is
moved under uniform loading in both cases. Fig. 11a illustrates
that the right pillar again moves faster than the left one. This sug-
gests the relative weakness of this pillar against lateral loading
which can be due to a different arrangement of the blocks, on this
pillar.
4. Conclusion

The Non-Smooth Contact Dynamics method (NSCD) is applied
in the current study to investigate the possible failure mechanisms
of the stone masonry arches under different loading conditions.
This numerical method by considering its important characteristic
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Fig. 10. (a and b) Results obtained for the Julien bridge under lateral force applied on the right central pillar at 3.5th second of the calculation time and (c) change in the
number of contacts, including sliding, stuck and all active contacts.
of resolving frictional contact problems without introducing artifi-
cial penalization parameters or damping, as demonstrated by dif-
ferent models, can be an efficient tool to study the complex
masonry structure behaviour under diverse loading conditions.
At the first step of the study, a single-span arch bridge is investi-
gated under vertical static loading imposed at the quarter of its
span, the obtained results for failure mechanism is consistent with
the analytical method results. The classic arch shows the four
hinge failure mechanism in two and three dimensional analysis.
This is a classical qualitative result that can be found in Heyman
[29], pp. 17, 19, and 21. A more detailed discussion on this topic
can be found in [30].
In addition, a roman stone bridge, as a full-scale test, is studied
under lateral loading conditions, as can be the case during floods.
This condition is simulated by applying an incremental force
increasing with time having different trends, for several levels of
the central pillars. The applied force increases until the pillars be-
come instable and the failure of bridge begins. Different failure
mechanisms are investigated by changing the loading procedure,
and in this way the weaker parts of the bridge are determined. This
type of loading does not simulate in a realistic way the flooding
condition due to its high complex nature and the large number
of changing factors which should be taken into account, see [31]
for details. However, the results obtained demonstrate the capabil-



Fig. 11. Horizontal displacement in meter at third second of the calculation time for the Julien bridge under lateral force applied (a) on two central pillars and (b) on the right
central pillar.
ity of the LMGC90 code based on NSCD method, to correctly assess
the mechanical behaviour of the 3D masonry model, integrating
the complex geometry of the actual blocks in the original structure.
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